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FRACTIONAL SIR MODEL OF COVID-19 WAVES WITH TIME-CHANGING
PARAMETERS AND IDENTIFICATION BASED ON NEURAL NETWORK METHODS

The paper considers the task of describing individual waves of the COVID-19 epidemic using SIR-type models on real data.
It is shown that the classical SIR model with constant parameters of B transmission and y extraction is not able to adequately
reproduce the form of the epidemic wave, since on real data these parameters are significantly time-dependent and reflect the impact
of anti-epidemic measures, changes in population behavior, vaccination, etc. Additionally, the standard SIR model is memoryless
(Markovian), while empirical morbidity series show the effects of long memory.

The aim of the work is to combine fractional SIR models with time-varying parameters and neural network identification
methods to describe COVID-19 waves in three European countries (Germany, Italy, Ukraine). A hierarchy of five models is built with
increasing flexibility and physical structure. As the simplest basic option, the classic SIR model with constant parameters is considered.
Next, a window SIR model with piecewise time-constant B(t) andy(t) is introduced, which are evaluated by gradient methods on
sliding windows. The next step is the window fractional FSIR model, in which the system's memory is taken into account using a
power-law kernel with a fractional order of a € (0,1). The fourth model is the window FSIR-PINN, in which a multilayer neural network
approximates the hidden trajectories S(t),1(t), R(t) taking into account discrete FSIR equations in the error functional. Finally, the
fifth model is the windowless global FSIR-PINN, which learns on the whole wave at once.

Numerical experiments show that in all three countries, the window FSIR model with a < 1 provides a better balance
between the error on the training and test parts of the series than the window classic SIR model, and gives smooth and interpreted
trajectories of effective transfer and extraction ratios. Window FSIR-PINN achieves comparable accuracy in incidence and additionally
provides model-aligned S(t),1(t), R(t) estimates. On the other hand, the global FSIR-PINN, in the presence of only one observed
series of incidents, s not able to stably reproduce the waveform, which indicates significant limitations in the identification of such
global models on noisy real data. The results obtained confirm the feasibility of using fractional SIR models with time-varying
parameters and local PINN architectures as a practical compromise between interpretation and flexibility for retrospective analysis of
epidemic waves.

Keywords: COVID-19; FSIR model; fractional differentiation, time-changing parameters; physics-informed neural networks
(PINN),; parameter identification, time series, machine learning

I[TOI'OPEJIOB Cranicnas, BAJIABA fpocnas

Hartionansauit TexXHiYHMI yHIBEpCHTET «XapKiBCHKUI MONITEXHIYHUI IHCTUTYT

JIPOBOBA SIR-MO/IEJIb XBU.Ib COVID-19 31 SMIHHMMM B YACI
MMAPAMETPAMH TA JIEHTH®IKAIIICIO HA OCHOBI HEPOMEPE/KEBHX
METO/IIB

Y cTaTTi po3rnsaaEcTbCa 3a4a4a oncy OKpemMnx xBwib enigemii COVID-19 3a fgoromororo mogened iy SIR Ha OCHOBI
PeasibHuX CTatnCTUYHNX AaHunx. [T0Ka3aHo, 1o KiacuyHa SIR-MOZEb (3 CTa/mMMM NapameTpamu NepELaYi B 1a BU/IyHEHHS y HE 34aTHa
aAeKkBaTHO BIATBOPIOBATH GOPMY ErIAEMIYHOI XBU/T, OCKIIbKU B PEearibHUX AaHUX Ui 1apamMeTpy ICTOTHO 3MIHIOIOTLCS 3 4acoM |
BIAOBPaXaroTe BII/IMB MPOTUENMTIAEMIYHIX 38X04IB, 3MIHY MOBEAIHKU HACE/IEHHS], BaKUMHALII0 Ta iHLI gakTopu. Kpim Toro, cTangapTHa
SIR-mogesib € 6e3r1am aTHO (MapKOBCLKOKO), TOAI K EMITIPUYHI YaCOBI pSAN 3axXBOPIOBaHOCTI JEMOHCTDYIOTH €eKTy LJOBroTPUBA/ION
namari. MeToro poboTv € NOEAHaHHS ApoboBux SIR-MOAENEN [3 napamMeTpamu, LU0 3MIHIOIOTECA Y Yaci, Ta METOAIB [AeHTU@IKaLii Ha
OCHOBI HEVIPOHHMX MEpex 418 onucy xBwib COVID-19 y Tpbox eBponevicekux KpaiHax (HimewunHa, Itanis, YkpaiHa). To6yao8aHo
fepapxito 3 9Ty Mogenes i3 rocTyrioBUM 3POCTAHHSIM THYyYKOCTI Ta 36EPEXEHHSIM QDIBMYHOIro 3MICTy. AK HavunpocTimi 6a308mi
BapliaHT po3r/ISAacTbCS KnacuyHa SIR-MoAess i3 MoCTiviHumu rnapameTpamu. asi BBOANTLCS BiKOHHa SIR-MOAEb (3 KYCOYHO-CTa/ MMM
@yrryiamm B(t) 1a y(t), SKi OLIHIOIOTLCS IPAJIEHTHUMY METOAAMM HA KOB3HUX YaCOBUX BIKHax. HacTymHuM KDOKOM € BIKOHHa 4poboBa
mogesnb FSIR, y sKivi BpaxoByeTbCS MamMaTb CUCTEMU 38 [OMOMOrol CTENEHEBOro 54pa 3 Apobosum ropsakom ae(0,1). Yersepra
mogesib — BikoHHa FSIR-PINN, y sKkiyi 6aratoliapoBa HEUpOHHA MEPEXa arpOKCUMYE IMPUXOBaHI TpaekTopii S(t), I(t), R(t) i3
YPaxyBaHHIM ANCKPETHUX PiBHSHB FSIR y @yHKUiOHaN moxubkn. Hapelwri, nara mogens — r7iobasnsHa 6e3sikoHHa FSIR-PINN, wo
HABYAETLCS 04pPAa3y Ha BCiVi XBW/TI.

YucesibHi eKcriepuMeHTv NOKa3yoTb, Lo /1S BCIX TPbOX KpPaiH BIKOHHA ApoboBa Mogesb FSIR 3 a<l 3abesnedye kpalymi
6asnaHc MK MOXUOKOKO HA HABYa/IbHIV Ta TECTOBIV YaCTUHAX PSAY MODIBHSHO 3 KIIACUYHOI BIKOHHOK SIR-MOAe/I0, @ TaKox (opmye
171a4Ki Ta IHTEPIIPETOBAHI TPAEKTOPI eoeKTHBHUX KOE@ILiEHTIB rnepegayqi 1a Bu/yyeHHs. Moaens FSIR-PINN gocsrae rnopiBHIHHOI
TOYHOCTI 1LOAO AMHAMIKW 33XBOPIOBAHOCTI Ta AOAATKOBO 330E3I1YyE Y3rOMKeHI 3 MOAEIIO OUiHku TpaekTopiv S(t), I(t), R(t).
BogHoyac rnobasnbHa FSIR-PINN 3a HasiBHOCTI /MIIE OfHOMO CrIOCTEPEXYBAHOIO PSAy 3aXBOPHOBAHOCTI HE 34atHa CTabiibHO
BIATBOPUTY POPMY XBUJT, LLO CBIAYHUTD PO CYTTEBI OOMEXEHHS [AEHTUGIKALIT MOLIOHNX I71068/IbHUX MOAETIEN HA LLYMHUX DEAsTbHUX
garux. OTpuMari pesysibTati igTBEDAKYIOTE AOLIIbHICTL BUKOPUCTAHHS Apo60oBux SIR-Mozened 3/ 3MiHHUMY y Yaci napameTpamu
7a JI0Ka/IbHNX apXiTekTyp PINN SIK NpakTuYHOro KOMIPOMICY MK IHTEPIPETOBAHICTIO T MHYYKICTIO Py PETPOCIIEKTUBHOMY aHaslizi
ErTiAEMIYHNX XBUTTb.
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INTRODUCTION

For decades, susceptible-infected-removed (SIR) mathematical models have been one of the main tools for
analyzing the spread of infectious diseases and supporting decision-making in the field of public health [1]. During
the COVID-19 pandemic, SIR and SEIR models were actively used to assess the baseline reproductive number,
analyze the impact of anti-epidemic measures (lockdowns, mask regime, mobility restrictions), and explore possible
scenarios for strengthening or weakening control [1-4]. Despite their conceptual simplicity and interpretation, classical
SIR models face a number of serious limitations when applied to real COVID data, which are noisy, heterogeneous,
and significantly non-stationary [2,5]. Mathematical modeling of COVID-19 dynamics for Ukraine based on
generalized SIR approaches has been considered in a number of studies [6-8], some works focus on parametric
identification for specific regions of Ukraine, in particular Ternopil region [9].

Two standard hypotheses are particularly significant. First, the  transmission rate and the y extraction rate
in the classical formulation are considered stable. In practice, the rates of infection and recovery change over time
under the influence of anti-epidemic measures, changes in population behavior, seasonal factors, vaccination, the
emergence of new variants of the virus, etc. Significant variability S(t) and y(t) is one of the key reasons why a
simple SIR model with constant parameters is usually not able to qualitatively reproduce the shape of a real epidemic
wave. Secondly, the standard SIR model is Markovian: the future state of the system depends only on the current one,
which actually corresponds to the exponential distribution of the time spent in the state of infection and the "short
memory" of the process. Instead, empirical series of COVID-19 incidence often show sub-exponential growth, long
wave "tails", and long-memory effects [2,5].

In this approach, the coefficients f(t) and y(t) are considered as functions of time (for example, piecemeal
steel or smooth), which allows for a significant improvement in the model's consistency with the data. The resulting
trajectories S (t) and y(t) can be associated with the calendar of anti-epidemic measures and other external factors.
Another direction is related to fractional differentiation [10-13]. The replacement of classical derivatives in SIR
equations with fractional derivatives (in the sense of Caputo, Grunwald-Letnikov, etc.) leads to fractional SIR models
(FSIR), in which the order of the fractional derivative a € (0,1] plays the role of a memory parameter: at a = 1, the
standard SIR model is restored, and at @ < 1, a power memory appears in dynamics, which can better describe the
slow attenuation and inertial effects.

At the same time, the use of machine learning methods for modeling epidemics is actively developing. Purely
data-oriented models, such as autoregressive neural networks, LSTM, multilayer perceptrons, can demonstrate good
short-term predictive accuracy, but are often poorly interpreted and do not guarantee compliance with basic
epidemiological restrictions. Against this background, the physics-informed neural networks (PINN) approach
appeared, in which the neural network is trained not only from the data, but also taking into account the fact that its
outputs must satisfy the given differential equations, i.e. the physical (or epidemiological) structure is clearly "sewn"
into the model [14].

In previous works, we combined FSIR dynamics with neural network identification methods on synthetic data,
where the true trajectories S(t), I(t), R(t), parameters B(t), y(t) and order a are known in advance. It was shown that in
the absence of noise and with an exact correspondence of the model structure to the data source, it is possible to restore
smooth time-changing parameters of transmission and extraction, as well as to estimate the fractional order of & as memory
parameter. At the same time, synthetic experiments only partially reflect the real situation, since they do not take into account
measurement noise, changing testing modes, administrative artifacts in reporting, and structural discrepancies between the
idealized model and the real mechanisms of transmission of infection.

The purpose of this article is to transfer these approaches to real data on COVID-19 and to systematically
compare different variants of SIR/FSIR models in combination with machine learning methods. For this purpose, a
hierarchy of models is built with increasing flexibility and degree of "physical" structure, which are applied to the
same waves of the epidemic in three countries: Germany, Italy and Ukraine. As a naive starting point, we consider the
classic SIR model with constant parameters. we introduce a window SIR model with piecewise-constant §(t) and
y(t), which are evaluated on sliding windows by gradient optimization. The next step is a window fractional FSIR
model with power memory. The fourth model is the window FSIR-PINN, in which the neural network reconstructs
the hidden trajectories S(t), I(t), R(t) taking into account the sampled FSIR equations in the loss function. Finally,
as a more ambitious, but a potentially less identifiable alternative, consider the global FSIR-PINN model, which
learns on the whole wave without being broken into windows.

The main results of the work can be summarized as follows. Firstly, a set of fractional and non-fractional
SIR-type models with time-varying parameters on real data on the incidence of COVID-19 in three countries is
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implemented and compared. Secondly, it is shown that a simple window FSIR model with a fixed fractional order
a < 1in all cases considered provides a better balance between the quality of approximation on the training and test
parts of the series, than the window-based classic SIR model, and forms smooth, interpreted trajectories S(t) and
y(t). Thirdly, it has been demonstrated that the window FSIR-PINN-model makes it possible to reconstruct the
trajectories S(t), I(t), R(t) consistent with fractional dynamics, while the global FSIR-PINN-model in the presence
of only one series of incidence turns out to be non-identifiable and does not reproduce the waveform. This allows you
to formulate practical recommendations on data requirements for more complex global PINN approaches.

DATA AND PRE-PROCESSING

The numerical experiments use open daily data on the incidence of COVID-19 for three European countries:
Germany, Italy and Ukraine. The paper uses an open global dataset Our World in Data COVID-19 dataset, which is
supported by the research group Our World in Data (University of Oxford). The data was downloaded from the official
GitHub repository of the https://github.com/owid/covid-19-data/tree/master/public/data project.

This set brings together daily COVID-19 morbidity and mortality rates for all countries in the world:
confirmed cases and deaths are based on data from the Johns Hopkins University Center for Systems Science and
Engineering (JHU CSSE), and test, vaccination, hospitalization, and other metrics are aggregated from official
national sources (ministries of health, national statistical offices, etc.), which are systematically collected and
published by the Our World in Data team [15].

For each country, a separate wave of the epidemic is considered, covering the period from October 11, 2020
to June 12, 2021. The selected interval includes the autumn-winter increase in incidence and subsequent decline and
is long enough to clearly observe a distinct epidemic wave of incidence. The approach chosen in the paper is consistent
with previous studies, where COVID-19 waves in Ukraine were described on the basis of generalized SIR models
[6,7.9].

For each country and each day t within the selected wave, the following values are used:

e Calendar date t;

e  Country ID (Location field);

e 7-day smoothed number of new confirmed cases new_cases_smoothed(t);
e population N of the country concerned.

Instead of the raw series of daily new cases (new_cases(t)), which is significantly distorted by the baseline,
changes in testing strategy, and other administrative factors, the 7-day smoothed series (new_cases_smoothed(t)),
provided by the data source is used. On its basis, the daily incidence per 100 000 population is calculated.

Let:

e new_cases_smoothed(t) — smoothed number of new confirmed cases on day t for selected country;
e N — population of this country.
Then the daily incidence per 100 000 population is given by the formula

new_cases_smoothed(t)
Yaa () = N -100 000 (1)

That is, it is simply "the proportion of new cases in the population per day" multiplied by 100,000 to obtain
the value of "cases per 100 000 population".

It is this series Yj,,(t) that is the main observed value that is reproduced by all models considered in the
paper. Other components of the state (number of susceptible, infected and removed) in real data are not directly
observed and are restored only by models.

For each country, the data is sorted by date, truncated to the selected wave interval and divided into training
and test parts. For simplicity and transparency of division, the rule is used: the first 60% of the wave days form a
training sample, the remaining 40% form a test sample. The same train/test division is applied to all models, which
ensures a correct comparison of their ability:

e Dbe consistent with the data on the educational part of the series;
e summarize to the deferred part that was not used when adjusting the parameters.

For ease of interpretation and numerical stability, an effective population scale N = 100 000 is introduced.
In all SIR-type models below, the variables S(t),I(t), R(t) are interpreted as the number of persons per 100 000
population, and the model incidence Y40 (t) is expressed in the same units as Yy, (t).". All results and RMSEs
below are given precisely in units of "cases per 100 000 population" Such renormalization does not change the
qualitative dynamics and does not affect the relative values of indicators, but simplifies numerical implementation,
selection of parameter scales and interpretation of error functional values for different countries and models.

MODELS
This section describes five models that form a hierarchy with increasing flexibility and complexity. All
models work with discrete time t = 0,1,2, ..., T (days) and with normalized population size N = 100 000.
Classic SIR model with constant parameters (Model 1)
The basic continuous SIR model is given by a system of differential equations
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as SI dl SI dR

a="Py @ byt = @
where
e  S(t) — number (or proportion) of susceptible,
e ](t) — number of infected,
e  R(t) —number of removed (recovered/deceased),
e N —total population (in our case it is replaced by N = 100 000),
e (3 > 0 — transmission ratio,

e vy > 0-removed rate (recovery/death).
The daily model incidence (the number of new infections per day per 100 000 population) is given as

Ymodel(t) = B S(?\’& (3)

That is, we compute incidence as the infection intensity Yy,qe1(t) rather than a raw difference of cumulative
cases
For numerical implementation, time sampling is used in increments of 1 day:
S+ 1) =5(t) — Yiodel (),
It + 1) = I(t) + Yinoqer (t) — vI(2), “4)
R(t+ 1) =R(t) +vI(b),
with initial conditions
S(0) =N -1, 1(0) = I, R(0) =0, (5)
where I, > 0 — the initial number of infected (per 100 000).
In Model 1, the parameters 3, v, and I, are considered constant over the entire wave period. They are selected
by minimizing the standard error between the observed and model incidence

1 2
MSE = Z (Ymodel (t) - Ydata(t)) ) (6)
t€train
where the sum is taken by the days of the training part of the wave. Optimization is performed by gradient

methods (through the PyTorch implementation). This model serves as a naive basis for estimating the gain from taking
into account the time variability of parameters and memory.

Window SIR model with time-changing parameters (Model 2)

In Model 2, the assumption of constancy of 3, y is weakened: the parameters are considered piecewise-
constant on sliding windows.

Ttrain

Let
e L —window length (in days),
o s —stride (offset step),
e [k — window index,
et — start of the k-th window.

Then the k-th window covers the days

t €{tite+1,.. te+L—1} (7
On each window, the parameters 3 and y are considered constant:
B(t) = B, Y(®) =Y, teltyte +L—1] (®)

but can vary from window to window.
For each window, the same discrete SIR sampling is applied as in Model 1:

S(t)]
Ymodel(t) = Bk %
S(t + 1) = S(t) = Yinodel (t) 9

It +1) = I(t) + Yinoder (©) — vicI (©)
R(t+ 1) =R(t) + v, I(t)
The initial condition for the first window is taken as
S(to) = N - Iy, 1(t) =1y, R(ty) =0. (10)
For subsequent windows, the initial values S(t;), I(t,), R(ty) are taken as the system state at the beginning
of the window, derived from the simulations on the previous windows (i.e. the trajectory is integral).
On each window the standard error between Y, 4.1 (t) and Yg,..(t) on this window is separately minimized
(with additional regularizers to prevent unrealistic values). For each window, we perform several dozen Adam steps,
initializing the parameters with values from the previous window, which ensures smooth trajectories of S (t) and y(t).
As a result, we get sequences
B 1 (11
which can be interpreted as estimates of time-changing parameters 3(t) and y(t), given by stepped time
functions.

International Scientific-technical journal
«Measuring and computing devices in technological processes» 2026, Issue 1

386



Mixcnapoonuil HayKoeo-mexHiuHuil HeypHan
«BumiproganbHa ma ob6yucnoganbHa mexHika 8 mexHo/102i4HUX Mpoyecax»
ISSN 2219-9365

Thus, Model 2 allows:
e  better adapt to the waveform;
e interpret changes of B, Y, in connection with the introduction/relaxation of measures.

Window fractional FSIR model with memory (Model 3)

Model 3 takes into account the long memory of the process by generalizing the SIR to fractional orders a €
(0,1]. Instead of a full implementation of the fractional derivative in the Caputo sense, a discrete power-law kernel is
used for the "effective number of infected". This approach can be considered as a discrete approximation of the Caputo
kernel over a limited memory interval, which retains the main effect of power extinction of the effect of past values,
but is much simpler and more stable in numerical implementation on real data.

Enter the weighted amount

t
(®) = ) we 1 =), (12)
=0

where the weights w; are given by the power law
1+ 1) *® 1+0)¢ 3
R N R R (42
Where C, is the normalization constant (or weights can be used without normalization). With o — 1 the
contribution of ancient values I(t — t) quickly decreases (almost without memory), with smaller ones a < 1, the
contribution of the distant past decreases more slowly, which corresponds to a longer memory.
Next, the model incidence is given as

Ymodel(t) = Bk S(t)li,%ff(t), t € [th by + L—- 1]: (14)
and the equations for S, I, R remain in discrete form
S+ 1) =5(t) — Yiodel (),
I(t + 1) = I(t) + Ymodel(t) - Ykl(t)x (15)
R(t+ 1) =R(t) + v, I(®).

As in Model 2, on each window, the parameters 3, Y, are considered constant, but the order a is set in
advance (the values a = 0.9 and a = 0.7 are considered in the work). At a = 1 model coincides with the window SIR
model, at a < 1 it is a fractional FSIR model with memory.

Functionality is minimized on each window

1
MSEwindow = ZZ t € window (Ymodel(t) - Ydata(t))2 + regularization, (16)

where regularization limits the range of By, Yy, and the value I(t) to avoid unrealistic trajectories. The
received for all windows {f;, Yx} are interpreted as time-changing parameters of the model with memory.

Thus, Model 3 expands Model 2 by fractional order a and allows you to take into account the influence of
previous values I(t) on the current intensity of infections.

Window FSIR-PINN Model (Model 4)

Model 4 uses the physics-informed neural networks (PINN) approach for window FSIR dynamics. All
experiments used the same multilayer perceptron architecture for PINN with 3-4 hidden layers of 32—64 tanh-activated
neurons. The idea is that on each window:

e  Multilayer neural network approximates trajectories S(t), I(t), R(t) as a function of time;
e parameters [, Yy (or their logarithms) are also optimized;
e loss function includes both data (incidence) and physical equations of FSIR.

Let t within the window is linearly scaled

T €[0,1], tj =1 +J, T = m (17)
A neural network with parameters 0 sets the approximation.
$(t,0),1(t,0),R(t,0). (18)
At the discrete points T; corresponding to the days of the window, we define
As in Model 3, we enter the effective number of infected
J
Legrj = Z w;_ih, (20)
1=0

where the weights w; are determined by the order of a.
Model incidence in step j:

International Scientific-technical journal
«Measuring and computing devices in technological processes» 2026, Issue 1
387



Mixenapoonuit HayKoeo-mexniuHuil JHeypHan
«BumiproganbHa ma o64yucioganibHa mexHika 8 mexHoJ102i4HUX npoyecax»
ISSN 2219-9365

S: e ;
Yimode,) = Bic ~=. @1)
N

Next, the equations of discrete dynamics FSIR are given:
SFSIR =S.—Y .
j+1 T ) model,j’
R =1 + Yoodel,j — Yilps (22)
i = R+l
The neural network values S;,1, 141, Rj11 should be close to the right parts Sf2%, [P, RIPF of the sampled
FSIR model with the historical I®.
The loss function on one window looks like
L= Ldata + )\phys ['phys + )\reg Lreg ’ (23)
where data-loss:

1 2
Liata = ZZ(Ymodel,j — Yataj) " ; (24)
and physics-loss: '
Lo =7 9 (50 = S + (s = )" + (R — R (3)
regularization includes Ij)enalties for too high values I; (I; < N) and, if necessary, smoothing trajectories.

FSIR-PINN neural network implementation.

In the FSIR-PINN window model, for each sliding window of length L, unknown trajectories (S;, I;, R;) are
approximated by a multilayer perceptron fy. Normalized time T € [0,1] is given as input to the network, which linearly
corresponds to discrete days within the window. The output of the network are three latent quantities S(t), I(t), R(T)
interpreted as the number of susceptible, infected, and removed in an "effective" population of size Nog =~ 105.

For approximation (S, I, R) the same architecture is used for all windows and countries: one-dimensional
input (normalized time T), three hidden layers of 32 neurons with activation tanh, and an output linear layer of
dimension 3:

Linear + tanh 2 Linear + tanh

Linear + tanh
]RS 2

. 2 Linear ]R3 (26)
To guarantee the non-negative and approximate preservation of the total number, the raw network outputs
(5 I, ﬁ) are converted using the Softplus operator and subsequent normalization:
u =softplus(S) +¢&,  v=softplus(+e,  w=softplus(R) + ¢
u w

v
SENer v vrw TN RNy

where € > 0 is a small numerical constant. Thus, for each moment of time on the window, we get S,I,R > 0
andS+I+R= Neff-

The parameters of the transfer function fy as well as the window parameters B, v, > 0 (for each k window)
are evaluated jointly by minimizing the total loss function. Non-negativity of B and y, is provided by
parameterization through the Softplus function from trained scalars (specified as B, = softplus(by), Yi =
softplus(gy), where by and g, are ordinary numerical parameters that are evaluated together with the weights of the
neural network during training). For each window, optimization is done by the Adam method with a learning step
1073, for up to 1500 epochs, without mini-batches (each iteration uses an entire time window). In the physics-loss
part (penalty for not executing discretized FSIR equations with memory), the mean square of the residuals for the
three components S, I, R is minimized, and a small regularization term is added to the total loss, which penalizes too
large values I(t)/N.g and prevents the unrealistic "dumping" of the proportion of infected to 1.

The same network architecture and optimization scheme is used in both the FSIR-PINN window model and
the global FSIR-PINN variant (Model 5), where instead of individual windows, the entire incidence wave is treated
as a single time interval.

As a result of simultaneous optimization of neural network parameters 8 and window parameters 3, Yi, we

R3 R3

27

get:
e  Trajectory estimates on this window S(t), I(t), R(t), consistent with fractional dynamics;
e  estimates [, Y) compatible with both data and FSIR equations.

By stitching the results by window, we form global values S(t), 1(t), R(t), B(t),y(t). Thus, Model 4 is a
"neural network add-on" over the window FSIR model, which allows for more flexible recovery of hidden trajectories
of states.

In window FSIR models, the parameters {3, Y, are not direct outputs of the neural network, but are specified
as separate numerical parameters for each window, which are evaluated by gradient methods along with network
weights. Thus, time-dependent trajectories B(t) and y(t) are described by piecewise-constant functions, where each
window has its own values Yy, and the neural network is responsible for reconstructing hidden trajectories
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S(t),1(t), R(t) within these parameters.

Global FSIR-PINN-Windowless Model (Model 5)

Model 5 is a more ambitious version of FSIR-PINN, in which a single neural network approximates
trajectories S(t), I(t), R(t) along the entire wave period without breaking into windows. In this case,:

e neural network Sg(t), Ig(t), Rg(t) is defined for each t € [0, T];
e parameters B(t),y(t) can be set as separate neural network outputs or as smooth time functions;
e the loss function contains:

o consistency of incidence Yy,401(t) with Yy,.,(t) within the entire interval,

o total physics-loss for discrete FSIR equations on all days.

Formally, the loss structure is similar to Model 4, but without localization in windows, i.e. one optimization
task covers the entire wave. On synthetic data and/or in the presence of additional observable values (e.g., active cases,
hospitalizations), such a formulation can be very attractive.

In this paper, the global FSIR-PINN model is used primarily as an experimental test: how realistic it is to
identify a full-fledged FSIR model with time-varying B(t),y(t) and hidden trajectories S(t),1(t), R(t) on real data
based on just one series of incidences.

Numerical experiments: staging and setting up
For each of the three countries (Germany, Italy and Ukraine), one COVID-19 epidemic wave is considered,
divided into training and test parts as described in Section 2 and is the same for all models (1-5). All model parameters
(including neural network scales for PINN models) are configured exclusively according to the data of the training
part; the test part is only used to assess the model's ability to generalize.
In window models (Models 2-4), the time axis is split into overlapping sliding windows of fixed length:
e window length L = 21 days;
e stride (offset step) s = 7 days.

That is, each subsequent window begins 7 days after the previous one, and the windows themselves are

closed. For the k-th window, the beginning t; is defined, and the window covers the space
t€f{tite+1,..t,+L—1} (28)

Such a choice of parameters L and s provides a sufficient number of points inside each window for a stable
assessment of parameters; allows you to get fairly frequent sampling of trajectories B(t),y(t), since the windows
overlap; smooths out the impact of random noise by co-optimising parameters over a 21-day period.

In Models 2 and 3 scalar parameters B, yj are evaluated on each window. In Model 4, local training of the
neural network is additionally performed, which restores trajectories S(t), I(t), R(t) within the window.

For fractional models (FSIR), i.e. Model 3 (FSIR _window) and Model 4 (FSIR_PINN_window), order o is
treated as a given hyperparameter rather than as an automatically evaluated parameter. The paper analyzes two values:
a=09and a=0.7.

The value a = 1 corresponds to classical (non-fractional) SIR sampling, and in this sense, Model 2 is a
special case of Model 3 at a = 1. The value a = 0.9 characterizes a moderate memory effect, and « = 0.7 — stronger
memory with a slower decline in the weights of past values I(t) in the nucleus w..

For each country and each model, separate series of experiments are carried out for a = 0.9 and o = 0.7,
which allows comparing the effect of memory strength on the quality of the wave approximation and the behavior of
the evaluated B(t), y(t).

All models are implemented in a Python environment using the PyTorch library for automatic differentiation
and gradient optimization.

For Model 1 (SIR const), the optimization of the trio of parameters (3, v, I,) is done by the Adam method with a
small number of iterations and constraints on the range of parameters (e.g. 8,y > 0,1, > 0).

For Models 2 and 3 (SIR_window and FSIR window) on each window By, v, are optimized using Adam.
The initial approximations for the parameters on the new window are taken from the previous window, which
improves the stability and smoothness of the estimates. To prevent unrealistic values, constraints on 3, Y (e.g. due
to parameterization in the log scale) and regularization of the value I(t) (so as not to exceed a small fraction of N) are
used.

For Model 4 (FSIR PINN window), the weights of a multilayer neural network 6 are simultaneously
optimized on each window, which approximates S(t), I(t), R(t) and parameters By, Y.

Loss function includes data-loss (coordination Yyqqe(t) with Yy, (t) within the window); physics-loss
(deviation of neural network trajectories from discretized FSIR equations); regularization terms.

The number of training epochs per window is chosen to be sufficient for convergence, but limited to avoid
over-retraining on the local piece of data. Limitations and regularization similar to Model 3 are also used for 6, 3, Y-

Model 5 (FSIR_PINN_global) is optimized similarly to Model 4, but without splitting into windows: one
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neural network approximates S(t),I(t), R(t) within the entire wave period. Due to the high complexity of this task
and the limited data limitation, we consider the global PINN model as an experimental test for identification, and not
as the main working tool.

For quantitative comparisons of models, standard errors (RMSE) between the observed and model incidence
are used, separately for the training and test parts of the wave. Let T, - the number of days in the training, T - in
the test. Then:

training RMSE:
1 2
RMSEtrain = Z (Ymodel(t) - Ydata(t)) ; (29)
Ttrain t€train
test RMSE:
1 2
RMSFi = [z— > (Hoaa(®) = Yaaa ()" (30)
TtESt tetest

All RMSEs are calculated in the same units: "cases per 100 000 population". Subsequently, for each country
and each a-value , the RMSE tables for all models (1-4) are analyzed, and for Germany, the results of the global FSIR-
PINN model (5) are additionally given, which allows one to assess both the approximation to the data and the degree
of overtraining or degradation of quality on the test.

RESULTS
This section presents the results of simulations of COVID-19 waves in Germany, Ukraine and Italy for all
models considered. For each country, we compare the quality of reproduction of the daily incidence per 100 000
population in terms of standard error (RMSE) on the training and test parts of the series. Separately, we analyze how
the results are affected by the choice of fractional order a in FSIR models.

Germany

First, let's look at the results for Germany, which can be considered "benchmark", since it was for this country
that we tested all five models, including the global PINN staging. Table 1 contains the RMSE values for the four main
models (1-4) ata = 0.7 and o« = 0.9.

Table 1.
RMSE values for Germany
Model a RMSE i, RMSE ¢ ()
SIR_const - 10.26 13.08
SIR_window — 3.75 13.76
FSIR_window 0.7 5.98 5.77
FSIR_window 0.9 5.88 5.61
FSIR_PINN_window 0.7 10.97 8.84
FSIR_PINN_window 0.9 11.23 9.38

For Germany, the classic SIR model with constant parameters (SIR _const) gives a rather limited quality: the
RMSE on the training sample is about 10.3, on the test sample about 13.1. This means that such a model only roughly
"feels" the scale of the wave, but is not able to correctly reproduce its shape, in particular the asymmetry of growth
and decline (see Fig. 1).

The transition to a window SIR model with piecewise-constant parameters (SIR_window) sharply reduces
the training error to 3.75, but does not give a gain on the test: RMSE,. ; even worsens a little (13.76 versus 13.08). In
other words, the model adapts very well to the learning part of the wave, but its generalization ability remains at the
level of naive SIR const (see Fig. 1). This is a typical symptom of local overtraining: the parameters By, y; adjust the
noise in each window too aggressively (see Fig. 2).

The situation changes after the introduction of fractional memory in FSIR window models. For both values
of fractional order (a = 0.7 and a = 0.9) the learning error increases compared to SIR_window (to about 5.9), but the
test error decreases by more than halfto 5.8 at « = 0.7 and to 5.6 at o« = 0.9. Thus, the inclusion of memory (through
the power-law kernel in the intensity of infections) makes the model more rigid, but significantly improves its ability
to generalize (see Fig.1). In a sense, FSIR window "sacrifices" some of the accuracy on the training to avoid
overtraining and better describe the shape of the test part of the wave. For Germany, the value a = 0.9 gives a slightly
better compromise, but the difference between o = 0.7 and o = 0.9 is not fundamental.
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Fig.1. Germany: COVID-19 incidence and models
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The window PINN model FSIR PINN window shows intermediate results. Its RMSE on the test (about 8.8-
9.4) is worse than that of FSIR window, but better than that of SIR const and SIR_window. The main advantage of
this model is not in minimizing the RMSE, but in the fact that it simultaneously reproduces the incidence and provides
trajectories consistent with fractional equations S(t),I(t),R(t) (see Fig.1). For Germany, we observe that
FSIR PINN window is capable of constructing physically meaningful SIR trajectories, but these additional

constraints "cost" a certain increase in error compared to a purely parametric FSIR window.

Germany: parameter B(t) for FSIR_window
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Fig.2. Germany: dependencies of parameters B(t) and y(t) for FSIR_window model

To complete the picture, let's look at the global PINN model FSIR_PINN_global, which learns on the entire
wave at once (without windows). For Germany, it gives RMSE;,in~6.94 and RMSE.,;~6.38, that is, formally slightly
worse than the window FSIR window, but not catastrophically. However, the analysis of the graphs shows that in this
case the model wave becomes too smoothed, the peaks are "cut off", and the estimated values B(t), y(t) almost do

International Scientific-technical journal

«Measuring and computing devices in technological processes» 2026, Issue 1

391



Mixenapoonuit HayKoeo-mexniuHuil JHeypHan
«BumiproganbHa ma o64yucioganibHa mexHika 8 mexHoJ102i4HUX npoyecax»
ISSN 2219-9365

not change in time (see Fig. 3). That is, the model finds a compromise that looks "decent" in terms of RMSE, but
epidemiologically unrealistic. This indicates weak identification of the global FSIR-PINN staging in the presence of
only one observed series Yyu, (t).

- Data (incidence)
FSIR_window (a=0.9
= FSIR_PINN_window (c
+ FSIR_PINN_global (a=

30 A

25 A

20 A

15 A

10 A

Cases per 100,000 population

A o o S ob o0 Q©
fLQ fLQ,?} fLQ’)"\’ 101} fLQ/L\’ 107} ,Lng'

Date

Fig.3. Germany: comparison of FSIR_window, FSIR_PINN_window and FSIR_PINN_global models

Thus, for Germany, the most balanced in terms of approximation quality and interpretation is precisely the
window FSIR-model with a < 1, while the window FSIR-PINN is useful primarily for the reconstruction of hidden
SIR trajectories, and the global PINN model serves as an example of how an "overly ambitious" setup can turn out to
be unidentifiable on real data.

Ukraine

For Ukraine, a very similar picture is observed, although the numerical values of the RMSE themselves are
slightly different, reflecting both a different scale of the wave and a higher level of noise in the data. Table 2 shows
the results for « = 0.7 and a = 0.9.

Table 2.
RMSE values for Ukraine
Model a RMSE i, RMSE .o
SIR_const — 10.34 12.28
SIR_window — 4.49 21.01
FSIR_window 0.7 6.00 10.85
FSIR_window 0.9 5.67 10.49
FSIR_PINN window 0.7 12.54 17.55
FSIR_PINN_window 0.9 12.47 16.90

As in the case of Germany, SIR const with constant parameters gives moderate quality (test RMSE =12.3)
(see Fig.4).

Switching to SIR_window sharply reduces the error on training (to 4.49), but on the test it leads to a very
large deterioration RMSE.,~21. This result is consistent with intuition: a local model with piecewise-constant
parameters over-adjusts fluctuations in each window and is not formed as a globally consistent SIR dynamics over
the entire wave (see Fig. 4).

The window fractional model FSIR window stabilizes the behavior again: at o= 0.7 we get
RMSE¢s+~10.85, and at « = 0.9 even better, ~10.49. Both values are significantly lower than those of SIR const and
SIR window. As for Germany, FSIR window manifests itself as a model that "loses" a little in accuracy on training,
but significantly wins in generalization, especially on fragments of a wave with a more complex shape (see Fig. 4).
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Fig.4. Ukraine: COVID-19 incidence and models

The PINN model FSIR_PINN_window in Ukraine is already noticeably losing in all metrics: for both values
a it RMSE 5, exceeds 12, and RMSE ., exceeds 16-17. This can be explained by the more complex structure of the
Ukrainian wave and the greater unevenness of the data: a neural network that simultaneously tries to match the data
and the FSIR difference equations often "chooses" compromise trajectories of the SIR, which are acceptable from an
epidemiological point of view, but are far from the optimal approximation of the incidence in the sense of RMSE (see
Fig.4). However, even in this case, the FSIR_PINN_ window is useful as a tool for checking whether it is possible to
find a physically meaningful SIR structure with fractional memory inside the data at all.

As aresult, for Ukraine, if we focus on the quality of approximation, the best result is given by FSIR window
with a = 0.9. At the same time, FSIR_PINN_window here rather plays an auxiliary role for structural analysis.

Italy

For Italy, the situation is even more pronounced: the classic SIR model does not keep up with the wave
dynamics, the window SIR is greatly overtrained, and the fractional FSIR window again turns out to be the most
balanced. The corresponding RMSE values are shown in Table 3.

Table 3.
RMSE values for Italy
Model a RMSE iy RMSE o5
SIR_const - 20.49 13.65
SIR_window - 11.20 23.50
FSIR_window 0.7 9.85 9.90
FSIR_window 0.9 9.42 9.02
FSIR_PINN_window 0.7 25.32 16.89
FSIR_PINN_window 0.9 24.45 17.72

The base SIR const for Italy reproduces the wave very approximately: train-RMSE=20.5, test-RMSE~13.7
(see Fig.5). The window SIR model still drastically reduces the error on training (to 11.2), but the test error increases
to ~23.5, that is, it turns out to be worse than even in SIR const.

This suggests that for Italy, "local" parameterization without memory is particularly heavily overtrained,
reflecting not only the true change of modes, but also random noise and uneven reporting (see Fig.5).

In this context, the transition to FSIR window turns out to be particularly successful. For a = 0.7 the model
reaches RMSE},,in~9.85 and RMSE5:~9.90; for « = 0.9 RMSE},,;n~9.42 and RMSE.5;~9.02 (see Fig. 5). All these
values are significantly better for SIR const and, even more so, for SIR_window. The best overall result (on both
training and test) is given by the option with a = 0.9, which is consistent with the conclusions for Germany and
Ukraine: a moderate fractional order a provides the best compromise between flexibility and regularization.
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Fig.5. Italy: COVID-19 incidence and models

The PINN model FSIR PINN_window for Italy, on the contrary, shows very large errors (RMSE;,,i,~24-
25, RMSE.s~17-18). Here PINN "costs" the model too much in terms of RMSE, and from a practical point of view,
it should not be used as a main model to describe incidence, but as a tool for studying possible SIR structures and
parameter sensitivity in fractional formulation (see Fig.5).

GENERALIZATION OF RESULTS

Comparing all three countries, we see the same general picture. The simple SIR const option provides a
limited but stable quality of wave approximation and logically serves as a basic model. Also, the limitations of the
classical SIR model in the analysis of real epidemic waves of COVID-19 are confirmed in the works [2,4,5]. The
window SIR model SIR_window radically reduces the error on the training part, but on the test it almost always loses
even SIR const, which indicates a strong overtraining of local piecewise-constant parameters without memory.

The fractional window model FSIR window in all three countries shows the opposite behavior: it "sticks" to
training a little worse, but it significantly improves the quality on the test and turns out to be the only model that
consistently reduces the test RMSE compared to the base SIR const. The resulting effect of stabilizing parameters
and improving generalization is well consistent with the conclusions of the studies [10-13], where fractional order
was also useful for describing the dynamics of COVID-19. This suggests that the introduction of fractional memory
into the SIR model, together with local parameter estimation on windows, yields a natural and, importantly, physically
interpreted regularization.

The role of PINN architectures in this context is twofold. The window FSIR PINN_window model, despite
the worst RMSEs, is valuable as a tool for reconstructing the trajectories S(t), I(t), R(t) themselves and for testing
how the observed incidence series is generally compatible with the assumed fractional SIR dynamics. On the other
hand, the global FSIR_PINN global model, despite acceptable RMSE values, turns out to be structurally unreliable:
without additional observable values, it is not able to unambiguously restore either the parameters or the waveform.

In general, it can be concluded that for retrospective analysis of individual waves in real data, the most
practical trade-off between approximation quality and interpretation is a window fractional model FSIR window with
moderate fractional order a < 1. It is advisable to consider PINN approaches as an addition to structural analysis and
study of hidden SIR components, but not as a "first" model for fitting incidence in the presence of only one time series.

DISCUSSION

The results obtained allow us to return to the initial questions that actually stand behind any epidemiological
modeling: what exactly do we want to get from the model and what price are we willing to pay for interpretation,
flexibility and noise resistance. In our case, the emphasis was not on operational forecasting, but on the retrospective
analysis of individual waves of COVID-19 in order to understand whether fractional SIR dynamics with time-
changing parameters can adequately explain the shape of real waves and what types of neural network add-ons are
appropriate.

The first important conclusion concerns the role of memory in the model. The basic SIR model is Markov
and, as the numerical results showed, in all three countries it is able to only roughly reproduce the scale of the wave,
but not its shape. The conclusions we have obtained regarding the limitations of classical SIR staging and the
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importance of correct identification of parameters are in good agreement with previous work on the analysis of
COVID-19 in Ukraine [6, 7, 9]. Window SIR model, which allows parameters 8 and y to change over time, supposedly
should solve this problem, but in practice it turns out to be highly prone to overlearning: the training error drops
sharply, while the test error increases and exceeds even SIR const. Due to the lack of memory, the model easily
"adjusts" local fluctuations without building a coherent coordinated dynamics.

In this sense, the transition to a fractional FSIR window model with fixed-order o < 1 turns out to be a
natural way to introduce structural regularization. The power-law kernel in the intensity of infections does not allow
the model to react only to the current value I(t), forcing the "history" of the process to be taken into account. The
results for all three countries show that such memory, on the one hand, makes the model less flexible in the sense of
a formal fitting of the training part, but on the other hand, it significantly improves the quality of reproduction of the
delayed fragment of the wave. In other words, fractional order a turns out to be not just a technical parameter, but an
actual regulator of the balance between flexibility and generalization.

The second block of questions is related to the role of neural networks and the PINN approach. Our
experiments show that window FSIR window without any neural networks already provides a very good compromise
between interpretation and quality of approximation. It clearly sets the structure in the form of a fractional SIR model,
has few parameters for each window, and gives a stable gain on the test compared to a non-fractional window SIR
model. Against this background, the question naturally arises: why do we need PINN add-ons at all, if they tend to
lose to the simplest FSIR window at RMSE?

The answer, in our opinion, lies in the type of information we want to get. Parametric FSIR window allows
you to reliably estimate time-variables (t) and y(t), but does not give internal trajectories S(t),I(t), R(t) with
control of their consistency with equations. Window FSIR PINN_ window, on the contrary, puts in the first place the
coordination of the hidden SIR structure with the data: the neural network recovers S(t), I(t), R(t), and the physics-
informed part of the losses causes these trajectories to satisfy the discretized FSIR equations. In this formulation, the
RMSE ceases to be a single goal by incident, but turns into one of the parts of the compromise between the "physical"
and "data-oriented" components. Therefore, the lower accuracy of the FSIR_PINN_ window on the test part seems
quite logical: the model pays part of the accuracy to adhere to a more rigid structural scheme.

A special place in our work is occupied by the global FSIR_PINN_global model. Formally, it looks the most
"harmonious": one neural network describes S(t), I(t), R(t) within the whole wave period, parameters B(t), y(t) can
be smooth functions of time, and physics-loss is superimposed on the entire trajectory at once. However, it is here that
identification problems are most clearly manifested. If there is only one observed series Yy, (t), such a model turns
out to be too multidimensional, and different combinations of trajectories S(t),I(t), R(t) and parameters can give
similar RMSE values. Our test in Germany showed that the global PINN is able to achieve a formally "decent" error,
but at the same time reproduces an artificially smoothed wave with almost constant B(t), y(t) values, that is, it loses
exactly those features of dynamics that interest us. This negative result, in our opinion, is no less important than the
positive ones: it indicates that in order to correctly apply global PINN approaches on real epidemic data, it is necessary
either to significantly increase the volume of observations (to include additional series, for example, active cases,
hospitalizations, deaths, reinfections), or to significantly limit the space of permissible trajectories.

From a practical point of view, the results obtained support this approach to modeling individual waves. For
problems of retrospective analysis and comparison of waves in different countries, the window fractional model
FSIR window with a moderate fractional order o (in our examples a = 0,9) seems to be the most expedient. It gives
a stable gain in test error, is naturally interpreted through SIR variables, allows you to build smooth trajectories
B(t),y(t), and at the same time does not require a complex neural network infrastructure. Window
FSIR _PINN_window can be considered as the next "layer" of analysis, if the researcher is no longer interested in
errors by incidence so much as in the form and behavior of hidden S(t), I(t), R(t), and in agreement with fractional
dynamics. Global PINN models, in our opinion, make sense only in situations where the volume and quality of data
are sufficient to avoid non-identifiability, or if pre-built simpler models have already shown their failure.

Separately, it is worth emphasizing the limitations of the study. In the first place, each country is represented
by only one wave of COVID-19, and although this allows for a detailed analysis of specific scenarios, for conclusions
of a general nature it is advisable to include more waves, different variants of the virus and different modes of
measures. Secondly, the fractional order a in our work was not automatically evaluated, but was set in the form of
several fixed values. This approach is justified in the context of the article, but for the completeness of the study, it is
advisable to consider, at least on synthetic data, collaborative optimization procedures with a, B(t), y(t) or grid search
by a. Third, in fractional equations, we used a simplified power-law kernel and finite memory, rather than a full-
fledged implementation of the Caputo derivative with classical schemes like ABM. This decision was motivated by
numerical stability and the need for adequate computational time on real data.

Despite these limitations, the conducted simulations made it possible to form a holistic picture of how
different levels of complexity of SIR-type models behave on real COVID data, and to identify several practically
important principles. First, the consideration of memory through fractional order a < 1 is not just a cosmetic
extension, but a significant step towards a more stable generalization. Second, local window schemes combined with
fractional memory can be more efficient than formally more "beautiful" global models. Thirdly, neural network PINN
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architectures should be considered not as a universal replacement for classical models, but as a tool that complements
them, allowing you to check how the assumed physical structure is really present in the data. It is in this combination
— fractional SIR models with time-changing parameters plus local PINNs — that we see the most promising direction
for the further development of modeling epidemic processes.

CONCLUSIONS

The paper shows that for a retrospective description of COVID-19 waves on the data of Germany, Italy and
Ukraine, the classical SIR model and its window version without memory are insufficient: the first does not reproduce
the waveform, the second is subject to strong overtraining. The best balance between accuracy on deferred data and
interpretation is provided by the fixed-order a < 1 window fractional FSIR window model, which gives a steady
reduction in test RMSE and naturally takes into account memory effects. Neural network FSIR-PINN models should
be used as a tool for structural analysis and reconstruction of hidden trajectories S(t), 1(t), R(t), while their global
variants require additional data or stricter constraints to ensure identification.
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